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Abstract. In this paper we describe the amalgamated free product of two hyper- 
finite von Neumann algebras over a finite dimensional subalgebra. In general the 
free product is of the form H(B^^^i where are interpolated free group factors 
and H is a. hyperfinitc von Neumann algebra. We then show that the class of von 
Neumann algebras of this form is closed under taking amalgamated free products 
over finite dimensional subalgebras. 

1. Introduction 

The (reduced) amalgamated free products of C*-algebras and of von Neumann 
algebras have proved to be useful constructions since first introduced by Voiculescu 
in [11] and used by Popa in [9]. For A and B finite von Neumann algebras, and 
D a unital subalgebra of both A and B, with trace preserving expectations and 
E^, we denote the amalgamated free product of A and B over DhYM = A*£)B. 
In this paper we describe M in the case where A and B are hyperfinite and D is 
finite dimensional. This extends the results in [I], which examines the free product 
over the scalars of hyperfinite von Neumann algebras, and in [3] , which examines the 
amalgamated free product of multimatrix algebras. 

With Theorem 14.51 we also extend Theorem 4.4 in [5j, which considered similar 
amalgamated free products but with additional restrictions on A and B and which 
was used by Kodiyalam and Sunder in [8] and in the related paper by Guionnet, 
Jones, and Shlyakhtenko in [6j. 

2. Basic Theorems and Definitions 

We consider all von Neumann algebras to be equipped with a specified normal 
faithful tracial state. We will often write von Neumann algebras in the following 
way: 

PI P2 

Af = Ai®A2® 

where pi denotes the central support of Ai in A/". If a summand is a matrix algebra, 

we use the notation M„ to indicate that the trace of a minimal projection in M„ is t. 

t 

As mentioned in the introduction, A*£, B denotes the amalgamated free product of 
von Neumann algebras A and B over D with respect to a trace preserving conditional 
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expectation onto D. When we refer to the expectation we mean the expectation onto 
D unless otherwise specified. 

Our resuhs are in terms of the interpolated free group factors that were introduced 
independently in [2j and by Radulescu in ||T0]. We shall denote these by L{Fs), where 
1 < s < oo. If s is an integer then it is the corresponding free group factor. As one 
would hope, these satisfy L{Fs) * L{Fs') = L{Fs+s'), and we think of s as the (not 
necessarily integer) number of free generators of L{Fs). When an interpolated free 
group factor is compressed by a projection of trace t or is dilated, we have 

< t < oo. It is known that either L{Fs) = L{Fs') for all s and s' or L{Fs) ^ L{Fs') 
for all s ^ s', though it remains open which of the two holds. This is the present 
state of knowledge about the isomorphism problem for free group factors. 

If it turns out that the interpolated free group factors are not isomorphic to each 
other, than then it will be interesting to keep track of the number of generators 
whenever free group factors appear in constructions or results. For this purpose 
the (perhaps confusingly named) notion of free dimension was introduced in [T]. 
Ostensibly, the free dimension is a number assigned to certain finite von Neumann 
algebras endowed with normal, faithful, tracial states. For a finite von Neumann 
algebra M with given trace, we will denote the free dimension with respect to that 
trace by fdim(M) (thus, the name of the trace is suppressed in the notation). The 
free dimension is defined by the following conventions: 

(1) For M = L{Fs), fdim(M) = s. 

(2) For M = ©,e/M„^, fdim(M) = 1 - ^.e/^'- 

k 

(3) For M a diffuse hyperfinite von Neumann algebra, fdim(M) = 1. 

M = Fo©0L(F,J©0M„^., 

where Fq is a diffuse hyperfinite von Neumann algebra, or zero, and / and J 
may be empty, then, 

fdim(M) = 1 + (j2^ip^)\s. - 1) ) -Y^t]. 

\ i&i J jeJ 

In fact, as is apparent from item ([1]), we do not know if fdim(M) is in all cases well 
defined. There are several ways around this problem. One is to say, for the purpose 
of interpreting results, we only care about the free dimension if the free group factors 
are not isomorphic to each other, in which case it is well defined. Another more 
cumbersome but mathematically correct approach is to speak only of free dimension 
for generating sets of finite von Neumann algebras. This approach was taken in [5] 
and earlier in and corresponds well to results about Voiculescu's free entropy 
dimension (which is intrinsically a different notion, see [12], [13] and [7]). See section 3 
of [5] and section 1 of [1] for more discussion. A third approach is to speak only of 
"the conjectured free dimension" which would mean that we conjecture that the free 
group factors are nonisomorphic, (in which case the free dimension has meaning); 
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however, we are not ready to conjecture nonisomorphism of free group factors. In 
this article, we will use the notation fdim(M) = x as shorthand for (but without 
actually phrasing) the more cumbersome "has a generating set of free dimension x." 

In pj the concept of a standard embedding from one interpolated free group factor 
into another is introduced. We will rely heavily on this concept, in particular the 
following properties, shown in [1], 

(1) For A = L{Fs) and B = L{Fs>), s < s', then for (p : A ^ B and projection 
p ^ A, (j) is standard if and only if (p\pAp — ^ 4>{p)B(p{p) is standard. 

(2) The inclusion A ^ A* B is standard if A is an interpolated free group factor 
and B is an interpolated free group factor, or a finite dimensional 
algebra other than C. 

(3) The composition of standard embeddings is standard. 

(4) For An = L(Fs„), with s„ < s„/ if n < n', and 0„ : — )■ An+i a sequence of 
standard embeddings, then the inductive limit of the An with the inclusions 
0„ is Lp, where s = hm„^oo Sn- 



3. Useful Lemmas 

Lemma 3.1. Let M. he a hyperfinite von Neumann algebra with separable predual 
and D he a finite dimensional abelian subalgehra of it. Then there exists a chain of 
finite dimensional suhalgehras in Ai containing D whose union is dense in M.. 

Proof. M. can be split as the direct sum of a type I part and a type II part, each of 

which can be approximated separately, so we can deal with these cases individually. 

Pi 

If M. is type I then write it as 0jgj ® L°°{X, fii), for some finite measures fii 
and countable set /. We may identify each M^- L°°{X,fj,i) with Mmi{L°°{X, fii) 
in such a way that all elements of D are identified with diagonal matrices. Write 

D = ©fcp/nC with some finite index set In- 

Set Aq = D, and let /„ C / consist of the first n elements of / (if / is finite then 
J„ = J for all n > |/|). Set Po,j = {X} for alH G / and inductively choose P^.i to be 
a partition of X so that: a) the measure fii of every set in P„^j is less than 1/2"' or is 
composed of a single atom, b) the partition P„^j is compatible with D for M^^, and 
c) Pn^i refines Pn-i,i- By P„ j compatible with M„. we mean that for each ejj G M^. 
and Sm G PnA, then XSm^jj < Pk for some k E Id- Then set An to be 

J 

In the above the C'^" is the span of {p^ — pj^ (X]je/„P«) ^ ^d}- So we have 
constructed D = Aq O Ai ^ . . . so that UAi is dense in Ai. 

For the type II case we assume D = C (B C, and from there the general case can 
be done inductively. Let pi and p2 be the minimal projections in D, pi + p2 = 1. 
We write Ai = L°°{X, /i) © P where R is the hyperfinite Hi factor and yU is a finite 
measure. We choose a representation of R as the closure of UfcM2fe, and denote the 
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standard basis elements of M2k as eij ' . Use the inclusion of M2k into Ma/c+i which 

, , (2«=) (2*=+!) (2*=+!) 

taKes e^ j to e2i-i,2j-\ + ^2i,2i ■ 

We know that projections are equivalent exactly when they have the same centre- 
valued trace. Let / e be the centre- valued trace of pi. Note / takes values 
only in [0, 1]. We can construct a projection which has centre- valued trace / in the 
following way: 



oo 2" 
fe=l 1=1 

where x is the characteristic function. To see how that works, note that any of the 
partial sums: 



k=l n=l 

is a member of L°° ® M2N. Considering p[ ^ as an M2N valued function on X, note 
that in each region where / takes values between and (i + l)/2^, p[ j^ is the 
matrix with Is down the diagonal for the first i entries, and zeros for the rest. This 
means the centre- valued trace of p'l ^ is the simple function Jn taking only values of 
the form which approximates / from below. Thus Wf^ — f\\ < 1/2^) and so p[ 
has the desired centre- valued trace, and is thus equivalent to pi. So without loss of 
generality, by modifying our choice of dense subalgebra we can assume pi is of this 
form. 

Start by defining the partition Pi of X as Pi = {5'i,i, 5'i,2} where ^i^i = /~^([0, 1/2]) 
and 5*1,2 = /~^((l/2, 1]), and define 0i,„ to be the characteristic function of Si^n times 
the identity. Next define Ai to be the algebra generated by {ci i0i,2; ^2 20i,i;Pi ~ 

^1^1^1,2)^2 — e2^20i,i}- Note these are four orthogonal projections, so they generate 
which is clearly finite dimensional. It is also clear that pi and 1 — pi are in this 
algebra, thus it contains D. 

Next inductively construct partitions Pk = {Sk,i, ■ ■ ■ , Sk/}, satisfying the following 
conditions: a) For any Sk^n ^ Pk either its measure is less than 1/2*^ or it is composed 
of a single atom, b) the range of / on each Sk,n ^ Pk is contained in (i/2'^, (i -|- l)/2'^] 
for some integer i, and c) Pk refines Pfc-i 

As before, we define (f)k,n to be the characteristic function of Sk,n- Define a function 
rfc on Pfc, so that rk{Sk,n) — i where f{Sk,n) Q (V^*, + l)/2'^]- We set to be the 
algebra generated by: 

,(2'=), 



m=l 



2 



k 



P2(j)k,n - ^m,i(l^k,n | |'S'jk,„ G Pk,n,i 7^ rk{Sk,n),j 7^ rk{Sk,n) 

m=rk(Sk,n)+2 
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By our representation of pi, for Sk^n G Pfc if i < rfc(S'fc^„) + l then el ^ (pk,n < Pi and if 
i > rfc(S'fc,„)+l, e^^i Vfe+i,n < P2, thus the algebra we get is ©^^^gp^ (Msfc.i © C © C). 

Since Pi4>k,n ~ Y^i=i'''"'' e|^j Vfe.n is in A^, and each of the elements of the sum is 
also in Ak, Pi4>k,n £ ^fe for each Sk^n £ Pk, and thus pi is, and by the same argument 
so is p2 thus D C Ak- 

To check that Ak-i is a subalgebra of Ak, take any of the e>j Vfe-i,n with i, j 7^ 
rfc_i(S'fe_i,„), then 

X — ^ / (2^) (2^) \ (2*^"^) 

2^ [e2i-l,2j-l(Pk,n' + e2j,2j0fe,n' j = (t>k-l,n- 

For pi0jfc_i,n — X^i^^i^^^'^"^'"^ ^% Vifc-i,n, we have already estabhshed that pi(t)k,n' for 
any n' is in 74jfc and so since Pi(f)k-i,n — X^n' s ,cs Pi4>k,n' it is in Ak- Since all 

the terms in the sum are also in Ak, then pi(j)k-i,n — Yll=i^^^''~^'"'' ^fi Vifc-i,n must be 
too. Thus Ak-i C Ak- 

Furthermore we see this is dense in M since our restriction on the measure of Sk,n 
ensures ever greater refinement in our approximation of L°° [jj] , and R is approximated 
by M2fc+i with only one row and one column missing, whose contribution goes to zero 
as k goes to infinity 

□ 

Notation: We denote A'^{X,Y) to be the set of all non-empty alternating words 
of elements of X and Y. For an algebra X with a trace, we use X^ to denote the 
traceless elements of X and if it has an expectation onto D, we use to denote 
the expectationless elements of X. 

Lemma 3.2. LetAf = {M^® Mn_^® B)*dC and M = {Mn®B)*DC, where B, C 
are von Neumann algebras with finite trace and D is finite dimensional and abelian. 

We embed M in A4 by mapping Mm and Mn-m as blocks on the diagonal of Mn, and 
B and C by the identity. Assume there exists a factor with Mm® Mn-m ^ ^ A/". 
Let pf be a minimal projection in D . Then for any minimal projection p G Mm such 
that p<pf, pMp * L(Z) = pMp 

Proof. Denote A = Mm © Mn-m ® B and A' = M„ © B. We represent the matrices 
in such a way that D embeds diagonally and p ~ en 

Note Ai = vN[J\f U ei„). Now since J-" is a factor we can find a partial isometry 
V E J- Q Af such that v*v — en and vv* — enn- Let u — v*e„i, and thus uu* — u*u — 
en. 

Since u and M generate M. we know that u and enjVen generate euMeu. We 
claim that u and enA/'en are *— free with respect to the trace. We must show that 

any element of A^{{u'^\k G Z\{0}}, (enA/'en)*^) has zero trace. 

By breaking up u into f*e„i, and noting v G Af, and v = CnnVen we see that 

K^iu'^lk G Z\{0}}, (euATen)") C AO({ei„, e^i}, {(enA^en)", enAAe 

We can write x — {x) for any a; G A/" as the SOT limit of a bounded sequence in 
the span of AP{A^^ ,C^'^). Then since non-zero elements of CnAen or Cnn^^nn have 
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non-zero trace, we can write elements of {e-nHexif and {enn-^^nnf ^ SOT limits 
of bounded sequences in the span of A°(A™, C°°)\A°'' (thus the expectation is zero 
also). Similarly note that since euAenn = = CnnAeu, elements of eiijVe„„ and 
e„„jVeii can be written in the same way. 
Thus we can approximate any element of 

A°({ei„, e„i}, {(eiiA/"eii)°, euAfe 

by bounded sequences in the span of A°({e„i, ei„}, span(A°(A°°, C°°)\A''°)). Now 
note that EoiAeniA) ^ EoiAeinA) = 0. Thus 

A°({e„i,ei4,span(A°(A°o,C™)\A)) C span(A°(A'°°, C°°)). 

By freeness, elements of A°(/l°°, C°°) have expectation zero, and thus trace zero, and 
so u and en^Ven are *-free and is a Haar unitary. 
Thus eiiA^eii * L{Z) ^ e^Meu. 

□ 

Lemma 3.3. Let M = ((M„ ® A) ® B) *oC and M = (M„ ®B)*dC for A, B, 
and C von Neumann algebras with finite trace, and D a finite dimensional abelian 
von Neumann algebra, where C, B, Mn have expectations onto D and where — 
E^" ®ta- Letp be a minimal projection in Mn which sits under a minimal projection 
in D. Then pMp * A = pMp 

Proof. Since pA and M generate M. we see that pMp and A embedded as pA generate 
pM.p. Thus we need only show that these two algebras are *-free. 

As in the previous proof, we see that traceless elements of pMp are expcctationless 
and traceless elements of p{Mn © B)p are zero, so elements of pf/p can be approx- 
imated by span(A°((M„ © 5)°°, C°°)\(M„ © 5)°°). It is easy to see that traceless 
elements of pA are also expectationless. 

Any traceless element of pA multiplied on both left and right by elements of 
Mn is expectationless (since each entry has zero trace in A). Thus any element 
of A°((p74)°, {pAfpY) can be approximated by words in the span of A*^(((M„ ® A) ® 
B)^^, C^°), and thus expectationless and traceless, and thus pA and pMp are *— free. 

□ 

Definition 3.4. We call an embedding : — >■ a simple step if it follows one of 
the two following patterns: 

pi q P2 P3 q 

(1) J\f^A®B,M^A®A®B, withpi =p2+P3, and 0(a, 6) = (a, a, 6). 

(2) M = Mn(BMm(BB,M = Mn+m © B where 0(a;, y,b) = ( ° ,b 

t t t \ ^. 

Lemma 3.5. If we have two finite dimensional von Neumann algebras Af and M. and 
a trace preserving em,bedding (p : M ^ A4, then can be written a the composition 

of as sequence of simple steps. 

Proof. Since A/" and A4 are both finite dimensional we can write them as direct sums 

pi Ps qi qt 

of matrix algebras, M = Mm©- ■ -(BMn^ and A4 = M^i® - ■ -©Mm^. Then consider the 

Bratteli diagram for this embedding, G = {V,E), V = {pi, qj\l < i < s,l < j < t}. 
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For each edge hnking pi to qj we decorate it as usual with the partial multiplicity of 
the embedding, Oj^fc, in addition we decorate it with a number aij, which is the trace 
of piqj. 

Then to break this map into simple steps, we start by making copies of the Mnj 
by using the first type of simple step, so that for each edge eij there are Uij copies 
of Mnj, each with trace aij/aij. This leaves us with a multimatrix algebra, where 
each matrix algebra is associated with an edge Cij (which is associated to aij matrix 
algebras). Then for every 1 < j < t, we use the second type of simple step to join 
together all the matrix algebras associated to edges ending in j. 

□ 

Definition 3.6. We define the graph of a hyperfinite von Neumann Algebra A 

p? 

and multimatrix subalgebra D = (Bi^io^ni as follows. Our vertex set is Id- Vertices 
i,j e Id are connected by an edge if pjApi ^ 0. 

We also use to denote the union of the graphs Gd and where B is another 
von Neumann algebra with D as a subalgebra. 

Remark: Note the graph as defined for multimatrix algebras in P] is connected if 
and only if the graph in Definition I3.6l is connected, however it is not the same graph. 

4. Main Results 

Proposition 4.1. Let A and B be hyperfinite von Neumann algebras with finite 
trace, and let D be a finite dimensional subalgebra of both, so that the graph GjJ is 
connected, and so that no minimal projection in D is also minimal in A or B. Then 
A*D B = F where F is either an interpolated free group factor or a diffuse 

type I hyperfinite algebra. Furthermore fdim{A *dB) = fdim{A) +fdim{B) —fdim{D) . 

Proof. The proof of Lemma 5.2 from ^ shows that we may assume without loss of 
generality that D is abelian. 

Pd Pa Pd Pa 

Write A = Ad® Aa and B = Bd® Ba, where Aa and Ba are the type I atomic 
parts, and Ad and Bd the diffuse parts. Write D = ©^g/^C, Aa = ®e^i^^Mni, and 
Ba = ®ieiBa^no with Id, Ia^, and Ib, disjoint. 

te 

Now using Lemma 13.11 we can construct a sequence Ad{i) of finite dimensional 

subalgebras of Ad containing pj^Dpji and whose inductive limit is Ad. Denote Ad{i) = 

pt pt 
®i(zj^^^^^Mni, and BdU) = ©^g/^^^^jM^^. Note lD,lAa(i), and Isaii), are finite, but Ia^ 

and Ib^ may not be. 

Also, since Ad has no minimal projections, we can choose the Ad{i) in such a 
way that the trace of the any minimal projection p G Ad{i), p < is less than 
tj^ — t{p') for any minimal projection p' & B, p' < p^ . Note we can do this, since 
we know the minimal projections p' G B,p' < p^ have traces adding to t^ , and 
they must be strictly less than t^. We can use Lemma 1331 to make sure the steps 
between Ad{i) and Ad{i + l) are all simple steps. We construct Bd{j) in the same way. 
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Denote = Ad{i) © Aa and B{j) = B^U) ® Ba- Note A{i) = Q^^i^^^^Mn, where 

tl 

lA{i) = lAd(i) U lAa- Start our sequences far enough along that G^^^^'^^''^ = G^^ . 
First, we claim that for any i,j 

M(2, j) = Ait) *D Bij) = F,,, © 0M„,, 

r=l 

where Fij is either an interpolated free group factor or a diffuse type I hyperfinite 
algebra. We will also show that only the Fij depends on i and j. Then we shall show 
that Fij — )■ -Fj+ij is standard. 

We begin by examining the construction in Theorem 5.1 in [3J. For this we 
construct Nij{k) = v N (j)'^ A{i)p^ U B{i)p^) for each k. This is of the form 
Fk © ®y(zY{k) ^nyi!^)i where F^. is either an interpolated free group factor or a dif- 
fuse type I hyperfinite algebra. Here each element of y E Y{k) corresponds to a pair 
i G lA{i)A' G -^B(i)) representing a pair of matrix algebras in A{i) and -B(j), 
so that tijXi^k + tfi /'^ej,k > t^, where Xe^k is the partial multiplicity of in 
(i.e. Ma^j. = p^Mn^pj^), and the same for Xe'^k- Importantly, because of our choice 
of Ad{i) and Bd{j), if U/Xe^k + tf,/Xe',k > then i e Ia^ and £' G 

Define a connector f to be a partial isometry in A{i) (or B{j)) so that vv* and v*v 
are minimal in A{i) (or B{j)) and so vv* < p^ and f *f < p^, for some /c, k' G /d. 

All further construction affecting the matrix algebras of M{i,j) is based on those 
Y{k)s and connectors between them. Thus, these are entirely determined by the Aa 
and Ba, and thus remain unchanged from M{i,j) to M{i + 1, j). 

Now we show that the various summand factors Fj. are linked by connectors. To 
do this we show that for any connector v in A{i) or B{j) with vv* < pj^, vv* is not 
orthogonal to Fk- Without loss of generality, assume v G A{i). Then vv* G Nij{k), 
and is a minimal projection in pj^A{i)pj^ . Using Theorem 3.2 in |3j, we can determine 
the traces of the matrix factor summands of Nij{k) which are not orthogonal to 
vv*. Let t = t{vv*), and A the partial multiplicity of pj^ in the factor summand 
of A{i) containing vv*. Then the matrix factor summands of Nij{k) which are not 
orthogonal to vv* correspond to those factor summands M^^^ of p^B{j)p^ with 

t/X + tijXi^k > tk- Note this can only happen if at least one of A or X^^k equals 1. Let 
L C lB(j) be the set of I satisfying this inequality. It is easy to check that L is finite. 
First let us assume A = 1. Then for each i E L we have a matrix algebra 
Mx^ ^ . Thus the total trace of these is 

since X(,^kt\i^k = ^iPk^MePk)^ and Pk^MePk ^ Pk- Now since > t, unless \L\ = 1 
and Xe^k = 1 this is strictly less than t. If A^^^ = 1, and \L\ = 1, the first inequality 
holds strictly, since otherwise t(p^) = ^{p'j^ lu^Pk) and this is minimal in -B(j), thus 
p^ is minimal in 5, contradicting our assumption. This shows the total trace of the 
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matrix factor summands of Nij{k) not orthogonal to vv* is strictly less than that of 
vv*, and thus is not orthogonal to vv*. 

If instead A > 1 and thus Xe^k = 1 for each i & L. Let = \L\, then for each such 
i ^ L we have a matrix algebra M\ . Thus the total trace of these is: 

J2 ^'(t ^k) < tNX + \X - A'iVtf = t\- \{N - 1)(A4 - t), 

which is then strictly less than tA if > 1. As before, if A^ = 1, then the first 
inequality holds strictly, otherwise would be minimal in B. In this case, since vv* 
is a minimal projection in Mx as a factor summand of Nij{k), we can form Pi, . . . ,p\, 
minimal projections in Nij{k) which are all equivalent to vv* in Nij{k) and mutually 
orthogonal. Thus the trace of their sum is tX, which we have established is strictly 
greater than the total trace of all the matrix factor summands not orthogonal to 
them, and so they must not be orthogonal to Fk, and so vv* is not either. 

The construction of M{i,j) in Theorem 5.1 in [3], proceeds by taking Nij = 
®k£in^i,j{^)^ adjoining connectors. Let S denote the set of connectors added, 
and let Nij{S') = vN{Nij U S'), for any S' C S. Thus M{i,j) = Nij{S). Let 
be the set of connectors added before f G S*. From the above, for any i; G 5* we 
know that neither vv* nor v*v are minimal in Nij, thus when move from Nij{Sy) 
to Nij{S^ U {v}), we apply Lemma 4.2 in [3], to determine vNij{S^ U {v})v where 
V = vv* + v*v. This shows that it contains exactly one free group factor (it can't be a 
hyperfinite, since we know dim vNij{Sv)v = oo > 4). Thus for any v ^ S, vv* < p^ 
and v*v < p^, for k, k' G Id, then Fj. and F^/ are contained in some F which is an 
interpolated free group factor summand of M{i,j) (noting if Fk is hyperfinite, then 

pi Pk-pi Pk-P2 
p^A{i)p^ = C© C and p^B{i)pf = C© C , and thus G {pi,P2, l-Pi, 1-^2}- 

P2 

By Theorem 1.1 in [IJ all of these have central support which contains If^)- Then 
since the graph G^^^^''^^''^ is connected, there is exactly one free group factor summand 
of M{i,j), unless, y4 = C©C, i? = C©C and D = C, in which case it is a type I 
diffuse hyperfinite algebra. 

Next we show that the inclusion of Aa{i) into Aa{i + 1) is standard. Since it is a 
simple step it is one of two types. First it could make two copies of a matrix algebra 
Mn^ in Ad{i) contained in the free group factor summand Fij in M{i,j). Lemma [373] 
shows that Fij — )• -Fj+ij is a standard embedding. 

Alternately it could be the addition of a connector, connecting M„^,M„^, G Ad{i), 
giving us Ml/' G ^^(i + 1). Since and M„^, are contained in Fij, we can apply 
Lemma 13.21 to show Fij — )■ -Fj+ij- is a standard embedding. 

By Theorem 5.1 in [3j we know that at each stage the free dimension of M{i,j) is 
the sum of the free dimensions of A{i) and B{j) minus that of D. By Proposition 
4.3 in [1] we know that since the embeddings are standard, the free dimension of the 
inductive limit of the M{i,j) is the limit of the free dimensions of the M{i,j). Thus 
the inductive limit, A*£) B has free dimension of the sum equal to that of A and B 
minus that of D. 
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Note that since the matrix portion remain constant and thus can be computed by 
computing an earher stage in the chain, using Theorem 5.1 in [3]. □ 

Theorem 4.2. Let A and B he hyperfinite von Neumann Algebras, and D be a finite 
dimensional subalgebra of both, with G^'^ connected. Then A*d B is the direct sum 
of a finite number of interpolated free group factors and possibly a hyperfinite von 
Neumann algebra. Furthermore fdim{A *o B) = fdim{A) + fdim{B) — fdim{D). 

Proof. As before we assume D is abehan and set A = Aa (B A^ and B = B^® B^. 
In choosing our sequence the only difference from the situation in Proposition 14.11 is 
that when we ensure the minimal projections p G Ad{i), p < p^ have smaller trace 
than tj^ — t{p'), for all minimal projections p' E B, p' < pj^ , we are excluding the 
cases where p' = p^ (in the context of prop 14.11 these did not exist). In the case 
where p^ is minimal in B we instead require that r(p) < t^/4 for all p G v4,p < p^ . 

Unfortunately it is no longer true that we must have only one free group factor 
summand, nor that all of Afi{i) and -Bd(j) must be contained in interpolated free 
group factors. Nor is it true that all elements of p^Ad{i)p^ for some k must be in 
the same interpolated free group factor. 

Instead for each free group factor summand F in M{i, j) which is not orthogonal to 
both Ad and Bd, we shall associate a non-empty subset Qf Id, so that Qf^Qf' = 
if F 7^ F'. Furthermore if k E Qf the we will have p^F'Pk ~ 7^ 

Each k E Id can be assigned to a Qi? in one of two ways, or not assigned at all. 
Method I is used if p^ is not minimal in either A or B. Then we have established 
that there is one interpolated free group factor summand F of M{i,j) which contains 
p^Ad{i)p^ and p^Bd{i)Pk-, we assign k to Qf 

Suppose on the contrary, for k E Id that p^ is minimal in either A or B, and 
without loss of generality assume it is B. Additionally assume is not orthogonal 
to Ad. 

As in the previous proof, and the proof of Theorem 5.1 in [3], we construct M{i,j) 
with Nij{k) = vN{p^A{i)p^VJp^B{i)p^), and then define iV^j = ®k&iuNi,j{k). Set 
Nij{S) = vN{Nij U S) where S* is a set of connectors. 

Then there is a set S' C {A{i) U B{j)) of connectors so that M{i,j) = Nij{S). If 
there is a connector v such that either v*v or vv* equals p^, then v E Ba, since pj^ is 
minimal in B and not in A{i). Without loss of generality we can assume that there 
is at most one v E S so that vv* or v*v is p^ (without loss of generality assume vv*), 
since if there is another w so that ww* = p^ we can replace it with v*w. 

We use Method II when there is such a v and v*v is not minimal and central in 
qNij{So)q where q = vv* + v*v and 5*0 = Syjf }. 

First let us show that this does not depend on the choice of v. Assume there 
exists V and v', where vv* = v'v'* = p^ . Now assume v*v is minimal and central in 
qNij{So)q, but v'*v' is not minimal and central in q'Nij{SQ)q', where q = vv* + v*v, 
q' = v'v'* + v'*v', and 5*0 as before. Then there must be some w E Nij{So) such that 
WW* = v*v and w*w = v'*v. Note since v*v is minimal and central in qNi j{So)q, 
it is minimal and commutes with p^ in Ni j{So). Thus it must be in some factor 
summand of Nij{So) which is a matrix algebra orthogonal to p^. But using w, we 
see v'*v' must be in this same factor summand, contradicting our assumption. 
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As in the proof of theorem 5.1 in [3J we see that qM{i,j)q = vN{qNij{SQ)qU {v}), 
and furthermore that this is isomorphic to ^A^jj(5'o)g *c®c ^2(C), where C © C is 
spanned by vv* and v*v and M2(C) is generated by v. 

Then Lemma 4.2 from shows qM{i,j)q is isomorphic to an interpolated free 
group factor F (by our assumption on the size of projections in A{i) we know the 
this isn't hyperfinite or zero), possibly direct sum with some matrix algebras. Then 
F is contained in some free group factor summand F' in M{i,j), and we assign k 
to Qf'- From this we see that any free group factor in M{i,j) other than F' is 
orthogonal to q, and thus to pj^. 

In fact, in this case if we know v*v is not minimal and central in qNij{So)q, then 
we know it is not minimal there. If it were minimal, but not central then there 
would be some partial isometry w also in qNi j{SQ)q, w G A so that w*w < v*v, and 
WW* < vv*, in which case, since v*v is minimal, w*w = v*v, and thus (since the traces 
are the same) ww* = vv*, and so pj^ = ww*, and this is minimal in A, contradicting 
our assumption. 

This means that that there must be some value 5 > so that t{v*v) — t{p) > 6 for 
all minimal projections p e qNij{So)q, p < v*v. We may start our sequence Ad{i) 
far enough along so that any minimal projection in Aii{i) has trace less than S. In 
this case we actually have p^Ad{i)p'^ C F' where k G Qf'- Start our sequence far 
enough along that this is true for all k assigned with Method II. 



We have now assigned the all the elements of //j that we are going to. We must 
now show that Qf for any factor summand F in M{i,j) which is not orthogonal 
to Ad{i) and Baij). 

To do this, take any i G lAa(i) or Ib^u) (without loss of generality assume lA^i))- 
Let K = {k E InlPk ^niPk 7^ 0}- there is any k E K and factor summand F in 
M{i,j) such that k eQf, then M„^ C F. 

Conversely assume there is no such k E K, i.e. k ^ Qf for all F. We will show 
that Mn^ is then orthogonal to all free group factor summands of M{i,j). 

We know that for each k E K, p^ is minimal in B, otherwise it would have been 
assigned by Method I. For each k E K, where p^ is not central in B, choose a 
connector Vk E Ba such that Vkvl = p^ , and let V be the set of these connectors. 
Now there cannot be any Vk E V such that Vkvl = p^ and v^Vk = p^' for k, k' E K, 
because choosing a connector w E M„^ C Adii) so that w*w < p^ and ww* < p^,, we 
would have vlvk not central in qNij{So)q, meaning k would have been assigned by 
Method II, contrary to the hypothesis. 

Thus we can choose 5 to be a set of connectors in M{i,j) containing V, so that 
Nij{S) = M{i,j) and such that for each k E K there is at most one v E S such that 
either vv* or v*v equals p^. 

Now then is a factor summand in Nij{S\V), since in this algebra every 
p^ not orthogonal to is minimal and central in B{j). We now write V = 
{vk{i), . . . , Vk{r)}- We consider the chain of embeddings, 

N,^j{S\V) ^ iV„.(5\F U {^;fe(i)}) ^ ■ ■ ■ -> N,^j{S) = M{i,j). 
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In each of them the algebra is embedded as the corner of a factor summand which 
is also a matrix algebra. Thus is orthogonal to all free group factor summands 
in M{i,j). 

If Method I or II is applied to some k G Id, in M{i,j), it will also be applied 
in M{i + Furthermore if there is some factor summand F in M{i,j) so that 

k,k' & Qfi then there must be a partial isometry v G M{i,j) so that vv* < pj^ 
and v*v < pj^,, and both vv* and v*v are in either Ad{i) or -Brf(j) (though v may 
not be). Then, since that v is embedded in M{i + 1, j), there must be some factor 
summand F' of M{i + l,j) so that fc, /c' G Qp'- Thus the Qj? must be eventually 
stable, and thus so must be the number of free group factor summands in the sequence 
of M{i,j). Without loss of generality, by starting the sequence A{i) and B{j) far 
enough along, we assume the number of interpolated free group factor summands of 
M{i,j) is constant in as is the family {Qf}f- 

Consider the embedding M{i,j) — )■ M{i + 1, j), which corresponds to applying 
a simple step to Ad{i) — )■ Ad{i + 1). We will show that for any free group factor 
summand F in M{i,j), with central support pp, the restriction of the embedding 
F — )■ ppM{i + l,j)pp is either a standard embedding or the identity. 

First assume it is the first type of simple step, where we make a copy of a matrix 
algebra M„^, i G lAa(i)- If there is a factor summand F with k G Qp so that 
pj^MnfPk 7^ 0, then we know C F. Then, as in the previous proposition, we can 
apply Lemma 13.31 to see that this is a standard embedding. 

Note that if there is no such F, then is the corner of a matrix algebra factor 
summand of M[i,j), in which case we end up with two copies of this in M{i + 1, j). 

Assume instead it is the second type of simple step, adding a connector between 
M„^ and M„^, , for some G Ia^Ii)- If there are F,F' factor summands of M{i,j) 
which contain and M„^, respectively, then by our assumption F = F', and as in 
the previous proposition we can apply Lemma [3^ to show that F — )■ ppM{i + l, j)pp 
is standard. 

If neither M„^ nor M„^, is contained in an interpolated free group factor summand 
of M{i,j), then these are corners of factor summands and M^' in M{i,j), which 
are embedded in a factor summand Mm'+m in M{i + 1, j). 

Finally if only of of or M„^, is contained in an interpolated free group factor 
summand, say M„^, then we can apply Lemma 4.2 from [3] again to see that these 
are embedded in a free group factor summand F' of M{i + 1, j) so that F — )■ ppF'pp 
is standard or the identity, where pp is the identity of F. 

If PM{i,j) is the projection onto the hyperfinite and matrix portion of M{i,j) we 
see that Puihi) > Puii' if < ii' Taking the inductive limit of those, 
we get a hyperfinite algebra. 

As before the free dimensions of each M{i,j) add up correctly, so fdim(y4 *p, B) = 
fdim(A) + fdim(5) - fdim(D). □ 

Corollary 4.3. If A and B are hyperfinite von Neumann algebras with finite di- 
mensional abelian von Neumann suhalgebra D, so that G^' is connected, and so 
that any minimal projection p in A or B, with p < p^ a minimal projection in D 
t{p) < |r(pf ), then A*dB = L{Fs) s = fdim{A) + fdim{B) - fdim{D). 
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Proof. Based on the condition r(p) < |t(p^), we know that there is no matrix 

algebra component. Furthermore, by the connectedness of G^'^ there can be only 
one interpolated free group factor. □ 

Definition 4.4. Define TZ2 to be the set of finite von Neumann algebras which are 
the direct sum of a finite number of interpolated free group factors and a hyperfinite 
von Neumann algebra. Note TZ2 strictly contains the set TZ from [3]. 

Theorem 4.5. For A,Be TZ2 and D a finite dimensional suhalgehra of A and B, 
M = A*D B is in TZ2, and if generating sets of A and B have free dimension d^ and 
ds, respectively, then M has a generating set of free dimension d^ + ds — fdim{D). 

Proof. As in Theorem 4.4 in {5J, we proceed by induction. In this case on the total 
number of interpolated free group factor summands in A and B. The base case, 
where there are none, is Theorem 14. 2[ 

From there we can proceed identically to the proof of Theorem 4.4 in [5j. With- 
out loss of generality assume A contains at least one interpolated free group factor 
summand, and let p be the central support in A of this factor summand. Then by 
Lemma 4.3 in [3], we know pMp = pA {pMp), where M = {pD © (1 —p)A) *d B. 
Then we note that {pD(B (1 —p)A) is in 7^2 and has one fewer interpolated free group 
factor summand than A. Thus, by our induction hypothesis M G 7^2- Then since 
pA is an interpolated free group factor, we can apply Lemma 4.1 from ^ to see that 
pMp is an interpolated free group factor. Then, as in Theorem 4.4 of [S], we note 
M ^ M(l - Cm{p)) © (Cm(p)M), and that M(l - Cm{p)) G 7^2 and {Cm{p)M) is 
an interpolated free group factor. Thus M G 7^.2. 

The free dimension calculation also proceeds exactly as in Theorem 4.4 of [5]. 

□ 

5. Examples 

Example 5.1. For one of the simplest examples, consider 

In this long as the graph is connected, the embedding of D does not matter, 

nor do the measures fii and fi2- Since there are no minimal projections in A or B, 
we know that M is a single interpolated free group factor. We also know fdim(M) = 
fdim(/l)+fdim(5)-fdim(D) = 1 + 1 - (1 -a^- (1 -a)2), Thus M = L(Fi+«2+(i_^)2). 

Example 5.2. Next we look at an example where we get the direct sum of two free 
group factors, despite having connected graph. Consider: 

A = R®M2®M2®R 

1/8 1/8 
1/8 1/8 1/4 1/8 1/8 

Pi P2 P3 P4 P5 

D=C©C©C©C©C 

1/4 1/8 1/4 1/8 1/4 
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r(g) = 1/4. 



P4 



P5 



>R, 



Or, 



Or, 



R, 







'1 0' 



"o o' 

1 

o' 



'0 0' 









0" 



'l o" 



o' 

1 

"0 0' 





0,? 

.Or 
.Or 
.Or 

,Ir 



e A, [0, 
e A, (^0, 

G A, (o. 



e A, 0, 



1 



0' 

1 

o' 



o' 



0' 





,0, 



,0, 

,1, 



,0, 



,0, 







0' 



o' 



1 o' 



0' 

1 



G B 

e B 
e B 
e B 
e B 



We use A{i) = Mi ® M2 ® M2 ® Mi and B = Ba = B{j),\fj . Applying theorem 5.1 
from [3J, we see M{i,j) = L{F9_ 1 ) © L{F9_ 1 ). Thus as i 00, M = A *d B = 

L(F9) ©L(F9). Checking, we see fdim(A) = §, fdim(5) = | and idim{D) = ||, this 

gives us that fdim(M) = which matches our result. 

Example 5.3. Next consider the case, A = L°°[0, 1] © M2 and 5 = M2 © C , and 

1/3 1/3 1/3 

Pl P2 P'i 

D = C©C©C. pi = (/loo,0) e A and (eii,0) e B, p2 = (0,eu) e A and 
1/3 1/3 1/3 

(622, 0) G B, and ^3 = (0, 622) G A, and (0, 1) G B. 

Then we set A{{) = O ©M2, and B{j) = B\/]. Then M(i, j) = © M3. Taking 

l/(3i) 1/3 l/(3j) 

the inductive limit, this is L°° © M3. 

Example 5.4. Similarly, ii A = (L°°[0, 1] © i?) © M2 and 5 = M2 © C , and D = 

1/3 1/3 1/3 

pi P2 PS 

C © C © C . pi = {Il--^r, 0) eA and (en, 0) eB,p2 = (0, en) G A and (622, 0) G B, 

1 y/3 1 /3 1 /3 

and P3 = (0, 622) G A, and (0, 1) G 5. 

Then we set A(z) = C © © M2, and 5(j) = 5Vj. Then M{i,j) = C © M3i. 

l/(3i2) 1/3 l/(3i2) 

Taking the inductive limit, this is © R. 



P2 Pi P2 

2 ty C and D = C (B C , with a irrational. 



Pi 

Example 5.5. Let A = R and B = M-^ 

a/2 
91 92 

Then we can set A{i) = M2i_i © C © C, where a + b = 1/2% gi < pi and g2 < 

l/2» " 

-B(j) = B for all j. Then M{i,j) = L{Fs) © C for some s. Noting 6 — > as i — > 00 

b 

SO M = L{Fs), where s can be worked out from the free dimension (1 + (3a) /4)). 



PO 



Example 5.6. Let A = M2 ® ^2 and B 



1/3 



1 

6-2» 



91 

M2 

1/6 



92 

C , and D 

2/3 



91 92 

c © c, 

1/3 2/3 



where pi < q2 for all i > I, qi < po, and t(poQ'2) = 1/3- Then M = A *d B is the 
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amalgamated free product of two multimatrix algebras, with connected and D 
finite dimensional. The free product is: 

oo 

M4 © f9 ^2- 

1/6 

The above example contradicts the last statement of Theorem 5.1 of That 
statement is erroneous and should be modified by changing "J and X are finite" to 
"J is finite" . 
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